We study one-and two-hole properties of the t-J model at half-filling on the square lattice using series expansion methods at Tϭ0. The dispersion curve for one-hole excitations is calculated and found to be qualitatively similar to that obtained by other methods, but the bandwidth for small t/J is some 20% larger than given previously. We also obtain the binding energy and dispersion relation for two-hole bound states. The lowest bound state as t/J increases is found to be first d wave, and then p wave, in accordance with predictions based upon the Kohn-Luttinger effect. We also carry out a similar study for the t-J z model.
At exactly half-filling ͑one electron per site͒ the kinetic term vanishes because of the single-occupancy restriction and the model reduces to an antiferromagnetic insulator. It is known from a variety of numerical and analytic calculations 7 that this model, on the square lattice, has nonzero long-range antiferromagnetic ͑Néel͒ order, reduced by strong quantum fluctuations. Removal of a small number of electrons ͑by doping͒ will allow mobility of holes and will reduce the antiferromagnetic order. The physics of a small number of holes in a dynamic antiferromagnetic background remains a challenging problem. Previous studies of the t-J model at Tϭ0 have used a variety of approaches. Exact diagonalization methods have been used extensively on clusters up to 32 sites, [8] [9] [10] [11] but suffer from substantial finite-size corrections and an inability to treat extended excitations. Green'sfunction Monte Carlo calculations have been performed for larger lattices, up to 8ϫ8, 12 and show, for example, a significant decrease of the two-hole binding energy with increasing lattice size. A variety of variational approaches and analytic many-body methods have also been employed. [13] [14] [15] [16] [17] [18] [19] The picture that emerges from this body of work is roughly as follows. For one hole the ground-state energy is given by ⑀ 1h /tӍϪ3.2ϩ2.8͑J/t ͒ 0. 73 , ͑2͒
where the coefficients are approximate numerical estimates. The dispersion curve for one-hole states is qualitatively similar from different methods, with minima at (/2,/2) and equivalent points. The bandwidth from the largest diagonalizations scales as W/tӍϪ0.33ϩ2.04͑J/t ͒ 0.64 , ͑3͒
where the coefficients are again estimates and are not known with great precision. The spectral function for one-hole states has been calculated 10 and shows a clear quasiparticle peak, together with a continuum at higher energies. For two holes the binding energy, spectral function, and pair susceptibility have been computed. The results support the existence of a bound state with Sϭ0 and d-wave symmetry for JϾJ c , with J c Ӎ0.3t although not all methods agree and this is still controversial. The dispersion curve for two-hole bound states is also of interest-to our knowledge the only calculation of this is due to Eder. 14 The aim of the present work is to study the physics of one-hole and two-hole states in the half-filled t-J model at zero temperature via linked-cluster series expansions. This approach has been developed extensively in recent years by our group [20] [21] [22] and others. [23] [24] [25] Most of the applications to date have been to spin systems, although we have included fermions in lattice gauge calculations. Shi and Singh 26 have used this approach to study the Hubbard model at half filling, via an expansion about an additional Ising term included in the Hamiltonian. For completeness we also mention the use of high-temperature expansions to study the t-J model. 27, 28 The present work of course addresses different questions that cannot be probed by high-temperature series.
The plan of the paper is as follows. In Sec. II, the series expansion method is briefly reviewed, and the results for one-hole properties of the t-J model are presented. In Sec. III, we study the dispersion relation and the binding energy for two-hole bound states. In Sec. IV, we study the one-hole and two-hole properties of the t-J z model. Section V is devoted to a summary and discussion.
II. ONE-HOLE PROPERTIES
The series expansion method is based on a linked cluster formalism associated with standard Rayleigh-Schrödinger perturbation theory.
The ground-state energy E 0 N for a lattice of N sites can be written as a sum over all connected clusters ͕␣͖ as
where C ␣ N is a geometrical embedding factor and ⑀ ␣ is the ''cumulant energy'' of cluster ␣. The same formula can be used for the energy of any particular cluster ␤,
where the sum is now over all subclusters embeddable in ␤. The cluster energy is calculated perturbatively, then the cumulant energies are obtained iteratively from Eq. ͑5͒ and substituted into Eq. ͑4͒ to obtain the final series. The formalism for excited states, needed to compute the dispersion curves, is a little more complex. 25 We introduce an Ising spin anisotropy,
where xϭJ xy /J z , and rewrite the Hamiltonian for the t-J model as
with a staggered z field of strength r to improve convergence. 26 This term vanishes in the total Hamiltonian in the isotropic exchange limit x→1. The Ising part of the exchange, H 0 , forms the unperturbed Hamiltonian while the perturbation V includes both the hole hopping terms and transverse spin fluctuations. The original Hamiltonian for the t-J model is recovered in the limit xϭ1 ͑i.e., JϭJ z ϭJ xy ). We expect the series expansion to give more reliable results in the small t/J region, where the perturbation V is less important.
We directly compute the series for the ground-state energy difference between the system with one ͑or two͒ hole͑s͒ and the system with no hole. Two types of series can be obtained in this way. By fixing yϵt/J xy and r we can compute series in the single variable x up to order L ͑where L is typically of order 11-13͒,
We refer to these as an x series. Extrapolation to xϭ1 is carried out by standard Padé approximant or integrated differential approximant methods. 29 In the other approach we keep both x and t/J z as expansion parameters and obtain double series of the form
where the coefficients d i j are computed up to order iϩ j рL. Extrapolation to xϭ1 then yields a series in t/J,
which we refer to as a t series. We first consider states with one hole, which may exist either on the up sublattice ͑A͒ or the down sublattice (B), where the up and down sublattices are represented in Fig.  1͑a͒ by open and full circles, respectively. Here (e x ,e y ) are the usual primitive translation vectors. The unperturbed wave function for the zero-momentum spin-up state is taken to be
where ͉N͘ is the classical Neél state. Now a hole in the up ͑down͒ sublattice can never transform into a single hole in the down ͑up͒ sublattice, since the Hamiltonian conserves the total spin ͚ i S i z ; so that we should choose (e x Ј ,e y Ј ) shown in Fig. 1͑a͒ as the primitive translation vectors, rather than (e x ,e y ). The unit vectors (e x Ј ,e y Ј ) are those of the antiferromagnetic bipartite lattice. The Brillouin zones in re-FIG. 1 . ͑a͒ The open ͑full͒ points represent the up ͑down͒ sublattices, respectively. The primitive translation vectors, (e x ,e y ) and (e x Ј ,e y Ј ), are shown by the arrows. ͑b͒ The reciprocal space of these lattices. The Brillouin zones for (e x ,e y ) and (e x Ј ,e y Ј ) are Ϫ/aϽk x ,k y р/a and Ϫ/(ͱ2a)Ͻk x Ј ,k y Ј р/(ͱ2a), respectively, where a is the lattice spacing. ciprocal space corresponding to these different choices are shown in Fig. 1͑b͒ . Most previous calculations, however, have used (e x ,e y ) as unit vectors ͓corresponding to (k x ,k y ) in momentum space͔, instead of (e x Ј ,e y Ј ), so we will also conform to this convention ͑and set a to one͒ unless otherwise specified.
For momentum kϭ0 we obtain the energy to order L ϭ13, involving 8739 distinct clusters containing up to 13 sites. For k 0 it is necessary to distinguish between clusters having different spatial orientation. We expand the energy to order Lϭ11, involving 23546 clusters with up to 11 sites. The series coefficients for yϭ0.5 at fixed momentum (k x ,k y )ϭ(/2,/2) and different r are listed in Table I , where we can see the series converges best around rϭ2. The extrapolations of these series by using the integrated differential approximant methods are shown in Fig. 2 , where we can see that at xϭ1, the extrapolations from different r series agree with one another very well, while the case rӍ2 gives the smallest error bar. In Table II , we list the full spectrum series for yϭ0.5 and rϭ0. The other coefficients are too lengthy to publish but can be supplied on request.
In Fig. 3 we show the energy of a one-hole state for k along symmetry directions in the Brillouin zone, for various ratios t/J obtained from the x series. The lowest energy occurs at (k x ,k y )ϭ(/2,/2) and equivalent points. This result and the overall shape of the one-hole dispersion curve are in very good agreement with previous work. 13, 30, 31, 10, 11 We note that the symmetry and the redundant information evident in Fig. 3 are the results of choosing a Brillouin zone that is two times too big. If we choose (k x Ј ,k y Ј ) as defining the bipartite Brillouin zone, the corresponding dispersion relation along symmetry directions in the Brillouin zone is shown in Fig. 4 . Figure 5 shows the one-hole bandwidth, WϭE(0,0) ϪE(/2,/2), as a function of J/t, compared with results from other approaches. For J/t around 0.5 our results agree well with other work, but for large J/t our result is significantly larger than that obtained by Martinez and Horsch. 31 Also, we found a peak value of W/tӍ1.15 at J/tӍ1.25, rather than W/tӍ1 at J/tϭ0.8 as obtained by Martinez and Horsch, 31 and Liu and Manousakis.
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Using the two-variable expansion we obtain the one-hole energy E(k) at some particular values of k:
These coefficients are not exact as they involve an extrapolation to xϭ1. The bandwidth can be obtained as
This result is also plotted in Fig. 5 as a dashed line, and it agrees well at small t/J with that obtained from the x series. The leading coefficient 3.26͑5͒ should be compared with previous calculations giving a value of 2 ͑Ref. 31͒ or 2.6.
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We can also compute the energy difference ͓E 1h (,0)ϪE 1h (/2,/2)͔/t, and the results are shown in Fig. 6 , together with the results obtained by Martinez and Horsch, 31 and the 32-site finite-lattice calculation. 10 Our results are in reasonable, thought not perfect, agreement with previous calculations for small J, where convergence of the series is poorest. For large J the series give a larger energy difference. 
where Aϭa for the one-hole case and Aϭa/ͱ2 for the two-hole case. Nonzero coefficients a k,n,m up to order kϭ11 for yϭ0.5 and rϭ0 are listed.
III. TWO-HOLE PROPERTIES
In the previous section we developed a series expansion approach to calculate one-hole properties of the t-J model, and showed how reliable quantitative results could be obtained. In the present section we extend this approach to consider states with two holes.
We start from an unperturbed wave function consisting of two nearest-neighbor holes with opposite spin, and overall momentum k: length a/ͱ2 ͑where a is the lattice spacing͒, which connects the center points of two adjacent bonds of the original lattice as shown in Fig. 7͑a͒ ; this corresponds to the large, outer Brillouin zone in Fig. 7͑b͒ . This was basically the convention used by Eder. 14 Alternatively, and more correctly, one may 
͑in units where a/ͱ2 has been rescaled to one͒. This relationship is evident in Fig. 19 of Ref. 14.
We have computed series for the two-hole spectrum E 2h (k) up to order Lϭ11. This involves 46 440 distinct clusters of up to 12 sites. The x-series coefficients for yϭ0.5 and rϭ0 are listed in Table II .
Using the two-variable expansion, after extrapolation to xϭ1, we obtain the following estimates for the two-hole s-, p-, and d-wave pair energy:
So the binding energies defined by
for s-, p-, and d-wave pair states are
The binding energy for tϭ0 has previously been given as Ϫ0.51 by spin-wave theory, 32 and Ϫ0.58(2) by Monte Carlo. 33 Our result is in relatively good agreement but suggests that the Monte Carlo calculations may overestimate the binding energy somewhat.
We have also computed the dispersion curves for the twohole bound state from the x series, and these are shown in Fig. 8 , for various small t/J. The minimum occurs at (,) (d-wave pair͒, and the maximum occurs at (0,0) (s-wave pair͒, while the energy at (0,0) is almost unchanged as t/J increases. The curves are quite flat for small t/J, as expected, and develop more structure as t/J increases. The results are broadly similar to those of Eder, 14 which is the only other calculation of the two-hole dispersion that we are aware of.
The s-, p-, and d-wave pair binding energies, obtained from both the x series and the two-variable expansion as a function of t/J, are shown in Fig. 9 . Note that for x-series, the extrapolation is done on series for E b (k), rather than the one-hole and two-hole energies individually, because values of these two energies are quite large, while their difference is usually small. The convergence is excellent for small t/J, and we believe that our results are very accurate there. The uncertainty increases for larger t. We can see from this figure   FIG. 7 . ͑a͒ The open ͑full͒ points represent the up ͑down͒ sublattices, respectively, while the crosses represent the center points of bonds connecting two adjacent sites. The primitive translation vectors, (e x ,e y ) and (e x Ј ,e y Ј ), are shown by the arrows. ͑b͒ The reciprocal space of these lattices. The Brillouin zones for (e x ,e y ) and (e x Ј ,e y Ј ) are Ϫͱ2/aϽk x ,k y рͱ2/a and Ϫ/(ͱ2a) Ͻk x Ј ,k y Ј р/(ͱ2a), respectively.
FIG. 8. Plot of two-hole dispersion E
2h (k)/J along highsymmetry cuts through the Brillouin zone for the system with coupling ratios J/tϭ10, 5,3,2,3/2. that as t/J increases from zero, the s-wave binding energy decreases very quickly, and the binding disappears around t/JӍ0.295. The p-wave binding energy also decreases quickly in the small t/J region, but it turns out to be very flat beyond t/Jϳ1, and the binding energy is very small. The d-wave binding energy decreases slightly as t/J increases from zero. Our results are consistent with the d-wave binding disappearing around t/Jϳ2.5. Beyond that point, the p-wave state appears to have the lower energy, and remains very weakly bound according to our results. Figure 9 also shows some other numerical results for the two-hole binding energy. The solid circles with error bars are Green's-function Monte Carlo results for the 8ϫ8 lattice obtained by Boninsegni and Manousakis, 12 and lie somewhat below our result, though broadly similar in trend: the discrepancy may easily be attributed to a finite-size effect. The solid triangles are the results of a recent 32-site finite-lattice calculation. 35 The open circles are the results of a linear extrapolation in 1/N from the finite-lattice data by Chernyshev, Leung, and Gooding; 35 but they discuss reasons why such a naive extrapolation is not to be relied on especially at large t/J. The results lie somewhat above our series results for the d-wave binding energy, but again have a broadly similar trend. Chernyshev, Leung, and Gooding 35 find that the lowest bound state on the 32-site lattice is a singlet state with d x 2 -y 2 symmetry.
The apparent cross over between the p-wave and d-wave bound states came initially as a surprise. But in fact it accords very well with predictions 36,37 based on the KohnLuttinger effect. In a repulsive Fermi liquid, pairing in highangular momentum states can occur due to a singularity in the two-particle scattering amplitude. This effect was previously believed not to occur in two dimensions, because it does not appear up to second order in perturbation theory; but it was recently shown 36,37 that a singularity does arise at higher order. Chubukov 37 showed that in the dilute limit the effect survives down to lϭ1 and gives rise to p-wave pairing. He also pointed out that the same effect will occur in an arbitrarily dense Fermi liquid. Both numerical 38 and analytical 39, 40 approaches have shown that at low densities p-wave pairing is dominant for J/tӶ1, d wave is dominant at J/tϾ1, and there is a region of s-wave dominance for J/t տ2. Figure 9 appears to indicate that a similar pattern extends even to the region of half-filling. In fact, the earlier variational calculation of Eder also shows a crossover between p-wave and d-wave states ͑Fig. 21 of Ref. 14͒ at around t/Jϭ2. Note that there is a discrepancy between Eder's results and ours, which is due to his omission of the term Ϫn i n j /4 in the Hamiltonian. We hope to explore the effects of this term, and more detailed properties of the two-hole states, in a later publication.
Several theoretical approaches [17] [18] [19] have predicted that magnon exchange should give rise to shallow, long-range bound states even at large t/J values. The behavior of the p-wave state apears to be consistent with this idea, but not the d-wave state. It is possible that another state ͑or states͒ in the d-wave sector could cross over the one we have calculated, and become the lowest-energy state at large t/J. Such a crossover could typically imply a square-root singularity in the energy eigenvalue, and the series extrapolation would no longer be valid beyond that point.
IV. t-J Z MODEL
We also study a simplified version of the t-J model, the t-J z model, which has an Ising rather than a Heisenberg spin interaction
͑21͒
Here we naturally take the first term in H as the unperturbed Hamiltonian, and the second term as the perturbation, and perform an expansion in t/J z . This expansion only converges well up to about t/J z ϳ2. To improve the convergence in the large t/J z region, we can include a staggered z field of strength r as in the t-J model, and perform the following separation:
where We then take H 0 as the unperturbed Hamiltonian and V as the perturbation, and perform an expansion in x for fixed values of t/J z and r. Here again we need to extrapolate the series to xϭ1.
The series for the one-hole state have been computed up to order 21 ͓that is, to (t/J z ) 21 for the Hamiltonian in Eq. ͑21͒ or to order x 21 for the Hamiltonian in Eq. ͑22͔͒ involving a list of 23 546 clusters with up to 11 sites, while the series for the two-hole bound state have been computed up to order 18, involving a list of 23 546 clusters up to 11 sites. The final series in t/J z for the spectrum of the one-hole state and two-hole bound state are listed in Table III . Figure 10 shows the one-hole spectrum for some particular values of t/J z . Here we can see that the shape of the dispersion curve is quite different from that for the t-J model: the lowest energy occurs at (0,0) rather than (/2,/2) as in the t-J model, and the bandwidth here is about 10 times smaller than that for the t-J model. The minimum one-hole energy as a function of J z /t is shown in Fig.  11 . In the interval 0.2рJ z /tр1, the minimum one-hole energy can be very well fitted 41, 8 as
where the linear term comes from the Ϫ1/4n i n j term in the Hamiltonian. This is in good agreement with previous estimates.
41,8
The two-hole dispersion is shown in Fig. 12 . We note that the energy at (0,0) is exactly 7J z /2, independent of t, and the energy along path (,0) ( p-wave pair͒ to (,) (d-wave pair͒ is very flat.
The s-, p-, and d-wave binding energies defined by
are shown in Fig. 13 . We can see from this figure that s-wave binding disappears around t/J z Ӎ0.32. The d-wave binding energies are slightly greater than for the p wave when t/J z Շ0.83, but when t/J z տ0.83, the p-wave pair has a greater binding energy than the d wave, similarly to that found for the full t-J model. Thus the t-J z model also shows a crossover between d-wave and p-wave bound states, occurring even earlier than in the full t-J model. Again, the earlier variational calculations of Eder showed very similar results ͑Fig. 12 of Ref. 14͒. The solid points in Fig. 13 are the results of a reduced basis diagonalization study on clusters of up to 50 sites by Riera and Dagotto. 41 The trend of these results agrees extremely well with the series estimates, although their estimates lie systematically a little lower. They do not discuss the symmetry of the bound state. 41 They find the binding of the two-hole state disappears at J z /tӍ0.183, or t/J z Ӎ5.5, which agrees very well with our results.
V. CONCLUSIONS
The t-J model on the square lattice has been studied by many workers over the last decade, using a variety of techniques. These methods are all approximate and have uncertain accuracy. Independent confirmation from a variety of approaches increases one's confidence in the results.
We have used the linked-cluster series expansion method to study one-and two-hole properties of the half-filled t-J and t-J z models in two dimensions at Tϭ0. To our knowledge, this is the first time this has been done. Our results for one-hole and two-hole states can be summarized as follows: ͑a͒ The one-hole dispersion curve has been computed throughout the Brillouin zone, and agrees in shape with previous calculations. ͑b͒ The minimum for one-hole dispersion occurs at (/2,/2) and equivalent points, again in agreement with previous work. ͑c͒ The bandwidth W for the onehole dispersion curve of the t-J model has been calculated. At small J/t it agrees with the spin-wave calculations of Martinez and Horsch 31 and Liu and Manousakis, 13 but beyond J/tӍ1 our results lie substantially higher than theirs. We get a peak value of W/tӍ1.15 at J/tӍ1.25, rather than W/tӍ1 at J/tӍ0.8 as given in previous work. ͑d͒ We have computed the dispersion curve for two-hole bound states. ͑e͒ In the limit t/Jϭ0 of the t-J model, we can compare our results for the one-hole and two-hole energy (E 1h and E 2h ), the binding energy (E b ), and the bandwidth for the one-hole state ͑W͒ with previous spin-wave, 32 Monte Carlo, 33 and other calculations.
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We can see that our results agree very well with other results, except for W, where we find a significantly larger value for the leading coefficient. ͑f͒ At large t/J, we find a crossover in binding energy between the d-wave and p-wave two-hole states, for both the t-J and t-J z models. This phenomenon is likely to arouse some controversy; it certainly needs to be checked by other methods. As supporting evidence, we note the following points: ͑i͒ The trend of the series results for the t-J z model agrees very well with numerical calculations of Riera and Dagotto; 41 ͑ii͒ The phenomenon would be in accord with the Kohn-Luttinger effect as predicted by Baranov and co-workers, 36, 37 and confirmed at low densities. 39, 38, 40 Chubukov pointed out that the same effect should occur in an arbitrarily dense Fermi liquid. ͑iii͒ Very much the same phenomenon was observed previously in the variational calculations of Eder. 14 The concordance between his results and ours would seem to indicate that his variational ansatz is a good one. ͑iv͒ A similar enhancement of pairing in the oddparity singlet channel, analogous to our p-wave state, was also noticed for the Hubbard model by Scalettar, Singh, and Zhang. 42 Another possibility, however, is that another state in the d-wave sector may cross over the one we have tracked, and become the lowest-energy state at large t/J. Such a phenomenon would not be detected by our series analysis.
The formation of a two-hole bound state is not of itself sufficient to prove the existence of either a superconducting condensate, or of ''phase separation'' between filled and empty sites; 1 but one would certainly presume it to be a necessary precondition for either of these phenomena to oc- 
k ͓cos(nk x A)cos(mk y A) ϩcos(mk x A)cos(nk y A)͔/2 for the Hamiltonian in Eq. ͑21͒ of the t-J z model, where Aϭa for the one-hole case and Aϭa/ͱ2 for the two-hole case. Nonzero coefficients a k,n,m up to order kϭ20 for the one-hole case or kϭ18 for the two-hole case are listed. 39 have recently challenged this scenario, arguing that the criterion of a vanishing inverse compressibility used in previous studies was unreliable. They use a Maxwell construction technique, from which they conclude that indeed phase separation occurs at all couplings in accordance with the original hypothesis of Emery and co-workers. 44 But Shih, Chen, and Lee 43 have performed a careful power Lanczos study with Maxwell construction on lattice up to 82 sites, and conclude that there is indeed a phase separation boundary at J/tտ0.6. Our results unfortunately have no direct bearing on this debate. To explore these questions one must treat the model away from FIG. 10 . Plot of the one-hole dispersion ⌬/J z ͓where ⌬ ϵE 1h (k)ϪE 1h (0,0)͔ along the path ⌫M X⌫ in the Brillouin zone ͓see Fig. 1͑b͔͒ for the t-J z model with coupling ratios t/J z ϭ5/3, 5/4, 1, and 0.8. FIG. 11 . Plot of the one-hole energy at kϭ0 for the t-J z model as a function of (J z /t) 2/3 /͓1ϩ(J z /t) 2/3 ͔. The solid curves in the large (J z /t) 2/3 /͓1ϩ(J z /t) 2/3 ͔ region are the integrated differential approximants to the t/J z series, the points with error bars are estimates from the x series, while the solid curve in the small (J z /t) 2/3 /͓1ϩ(J z /t) 2/3 ͔ region is the least-square fit E 1h /t ϭϪ3.60ϩ2.9(J z /t) 2/3 ϩJ z /t to the results in the interval 0.2 рJ z /tр1. half-filling, which is not possible using our present series technique, because it cannot handle an unperturbed ground state that is ''doped'' away from half-filling, and is therefore inhomogeneous.
The presence or absence of a superconducting condensate is also a matter of debate. 1 One recent study 47 found no evidence of d-wave superconducting correlations in the physical parameter range t/Jу2. The simple t-J model is beginning to seem a little doubtful as a theory of the high-T c superconductors.
There are a number of other significant physical quantities, such as spectral functions, spectral weights, and magnetic susceptibilities, which are the subject of ongoing work.
